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Abstract. The problem of linear ordering of observation space as a novel approach to pattern
recognition based on non-parametric, combinatorial statistical tests is presented. The problem
consists in ordering the elements of a discrete multi-dimensional observation space along a curve
such that the elements belonging to different similarity classes are close each to each other as much
as possible, the similarity classes are mutually separated and the length of the curve is minimized.
Such a problem is, in general, NP-difficult and it is shown how its approximate solution can be
reached. Its effective solution leads to a construction of pattern recognition algorithm based on
combinatorial (serial) statistical tests.
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1 Introduction

Most of the commonly known pattern recognition methods based on metrical approach (we differentiate
such approach and the one based on artificial neural networks) use geometrical pattern recognition
models having the form of hyper-planes separating the subsets of points in a multi-dimensional space,
representing similarity classes of objects under observation [1,2,3]. Such models are particularly useful for
examination of non-supervised pattern recognition methods based on Bayesian, correlation-based, etc.,
as well as of supervised pattern recognition learning methods (potential functions, k-nearest neighbors
(k-NN) based, etc.), assuming that we have to do with well mathematically defined, homogenous, metric
observation spaces. This condition is satisfied if the objects are represented by vectors of components
expressed by the same physical units.

Otherwise, if the elements of observation space represent various object parameters it arises a problem
of scaling. For example, it is not clear what is the sense of an FEuclidean distance between two vectors
used in medical diagnosis whose components are: x1—patient’s age [years|, zo —patient’s weight [kg],
x3—systolic blood pressure [hPal], x4—diastolic blood pressure [hPal, etc. It also arises a question, is
it better to express the blood pressure in hPa or in mm Hg, because their relative influence on the
distance measure between vectors depends significantly on the units. In addition, it may happen that
some Boolean components should be taken into consideration, like: x5—was the patient hospitalized
due to cardiac infarct [YES, NOJ. It is evident that in such case (which in computer-aided medical
diagnosis is rather typical) an observation space X consisting of vectors like x = [x1,z2, T3, 24, T5]
does not satisfy the metric space conditions. Even if normalization of components is used, it remains
the problem of arbitrary choosing the normalization coefficients and of their influence on the results of
pattern recognition. Pattern recognition methods neglecting this problem lead to algorithms which can
be only locally used, their decisions made under different assumptions being, in fact, incomparable.

Pattern recognition methods based on the concept of linear ordered observation space make pos-
sible overcoming the above-mentioned difficulties. They originated with an attempt to use some non-
parametric statistical tests to pattern recognition under strongly limited primary information about the
similarity classes. It has been found that combinatorial (serial) tests satisfy well the conditions [4,5].

The idea can be easily geometrically illustrated. In Fig. 1 a 2-dimensional observation space is shown
and three similarity classes of objects represented by training sets: S; whose elements are denoted by x,
S5 denoted by e | and S3 denoted by = . Unclassified elements have been denoted by o while ? denotes
a new-observed element being to be recognized.

If a new element 7 is to be recognized then, using the k-NN approach and a Manhattan metric, its
8-connective neighborhood should be examined. It contains: 3 unclassified elements o, 1 element x, 3
elements = and 1 element o. Therefore, (for k£ < 4) ? will be recognized as an element of Ss (i.e. as =).

For serial statistical test using a linear ordering of observation space should be introduced. This can
be reached in various ways, one of them being based on lexicographical ordering of elements: 1% in rows,
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Fig. 1. Example of a 2D observation space with elements representing three similarity classes..

274 in columns. Starting from the lowest left element we can observe that the classified elements occur
in the following order:

"0 mmO OO OXOXXOXXX [ mXXmmmXm
where the position of the unknown element ? also has been indicated. It should be recognized as such
that minimizes the number of homogenous sub-series in the given sequence of elements. Till the element
? is neglected the number of sub-series is 16. Including ? into the sequence leads to the following three
possible solutions (the corresponding numbers of sub-series are given in the brackets):

memmOeOemOeOeXOXXOXXX|X|mXXmmmx = (16)

0 =m0 0=0O0XOXXOXXX|O|mXXmmmxm= (17)

0 =m0 0 =0O0XOXXOXXX|m|mXXmmmxm= (16)

Therefore, it can be concluded that in the given case ? can be recognized either as x or as =. Let us
stress it out that:

1. The method can be applied to any non-homogenous (i.e. representing data of various formal nature)
multi-dimensional observation space;

2. it is independent on observation space scaling;

3. it suits to any finite number of similarity classes, their merging into higher-order classes or splitting
into similarity subclasses can be easily reached;

4. the method can be easily implemented on computers;

5. storage of the learning sets’ elements in computer memory is not needed, instead of this the rules of
observation space linear ordering should be stored.

However, it arises a problem of an adequate to the recognition problem linear ordering of the observation
space. In the next sections of this paper the problem will be considered in a more detailed form.

2 Impact of linear ordering on pattern recognition efficiency

In this section it will be illustrated the influence of linear ordering introduced to observation space on
the effectiveness of pattern recognition. For this purpose the 2D observation space and the training
sets shown in Fig. 1 will be considered. In Fig. 2 several examples of linear ordering are shown: a/
lexicographical, b/ reversible sequential, ¢/ diagonal and d/ spiral. By symmetrical reflection with respect
to a vertical axis and rotation through the angle —90° the orderings a/, b/ and c/ can be transformed
into the alternative ones based on different direction of observation space scanning; they are denoted,
respectively, by a’/, b’/ and ¢’/. For the formerly given training sets S7, S and S5 and the defined linear
orderings the corresponding sequences of training elements and the numbers of homogenous sub-series
can be calculated:
Q) =m0 m=00=00X OXXOXXX=XXmmmX=
a/mXmmXXmXXOXXX0X00mo0o0ommmn (14)
b/ mX X Xm=m=mXXXXX00Xmo00000mmu= (9)
h')/meeemmmoeooxXXO0mX XXX XmmmmX (10)
C/ 600000 mmommmmmX XmmX XX XXXX (
(/mmmXm@XX0000XXX 6XXXO0mmmmm |
d/ =X XmmommXXXmmmo0000=XXXOX® (13)
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It can be observed that in the given case ordering ¢/ leading to the lowest number (7) of sub-series
is the best one; ordering b/ (9 sub-series) also belongs to satisfactory ones. However, neither ¢/ nor
b/ is an optimal ordering, the minimum possible number of sub-series being equal 3—the number of
distinguished similarity classes. This minimum should be taken into account as the aim of observation
space linear ordering optimization. The methods of linear ordering shown in Fig. 2 a-d can be called
regular, as defined by simple geometrical rules. They also can easily be extended on multi-dimensional
observation spaces. Some other (a little more sophisticated) regular ordering methods preferring local
space scanning and based on a general Hilbert concept of curves filling compact geometrical areas, have
been presented in [5].

a/ b/

Fig. 2. Selected types of discrete 2D observation space linear orderings: a/ lexicographical (w. r. to columns and
rows), b/ reversible sequential, ¢/ diagonal, d/ spiral.

However, simple orderings usually do not satisfy the optimality criteria and this is why it arises
the problem of linear ordering optimization. A heuristic solution of this problem based on hyper-cubes
permutations approach has been proposed in [6]; in this paper a more general approach to the problem is
presented. In particular, choosing the best linear ordering is considered as an optimization problem that
should take into account both the low implementation complexity costs and high pattern recognition
effectiveness requirements.

3 Linear ordering optimization

It will be considered a discrete multi-dimensional observation space defined as a Cartesian product of a
finite number of discrete sub-spaces:

D=D; xDyx...xD, (1)

the sub-spaces D,, v = 1,2,...,n, as representing various features of objects under observation, may
have different formal nature and are assumed to be linearly ordered independently each on each other
one. In addition, taking into account computer implementation of pattern recognition systems it is
assumed that each feature represented by a discrete scale D, takes values from a finite interval; by
simple transformation this interval can be represented in a standard form of a sequence of integers
A, =[1,2,...,m,]. Therefore, in practice the real observation space can be reduced to a discrete hyper-
cube:

A=A x Ay x...x A, (2)

The elements of each hyper-cube of this type can be ordered linearly in M! ways where M = (my -
ma - ... My is the number of elements of A. A lexicographical ordering of A based on a fixed order of its
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components will be distinguished as a one that can be easily technically realized. However, permutation
of the components of A results in changing the lexical order excepting the situation when the order
is only reversed. Therefore, on the basis of the given family F' = {A,} of n discrete sets the number
¢ = 1/2(n!) of lexicographical orders, significantly different from the pattern recognition point of view,
can be established.

Let us denote by Qs a sequence (finite linearly ordered set) of M elements. It is assumed that the
pattern recognition task relies on assigning to any new-observed element x, x € A, a similarity-class-
index k, k =1,2,..., K, K being a natural number > 1, so as to minimize, in a long series of experiments,
the false recognition probability. In a supervised learning pattern recognition system it is assumed that to
a certain sub-set S C A, called a training subset, pattern-indices have been a priori assigned. Therefore,
to the elements of s there can be assigned indices from an extended set [0, 1,2, ..., K], 0 being assigned
to the elements not belonging to S. The indices assigned to Qs form also a sequence V(Qps) which can
be displayed in the following form:

V(QM):[V17U27U3,...,VM] (3)

On the other hand, V(Qas) can be represented as a sequence of series of elements:

V(Q]\4)=[01,0'2,0'3,...,UT] (4)

where 0,, p = 1,2, ..., 1, is a series of elements of a fixed value delimited on the left and on the right hand
by other-value elements or by the ends of the sequence.

Theorem 1

If M > K + 1 then:

a) the minimum value of r is rp,;, = K + 1;

b) the maximum value of r is

Tmam:Nl-(K+1)+(N2—Nl)'K+...+(NK—NK_1)'2+1 (5)
where Ny, Na,...,Nk41 are the numbers of elements of V(Qus) of a given value, taken in a non-
decreasing order, N < No < ... < Ngy1.

Proof

Part a) is evident because the elements of V(@) can be linearly ordered so that the elements tagged
by 70" are taken first, the ones tagged by ”1” are taken as the next ones, etc.

For proving part b) it will be, at the beginning, assumed that a series of strong inequalities N1 <
Ny < ... < Nk is satisfied. Then, at the 1st step, we can form N; sub-sequences consisting of elements
tagged differently by K + 1 indices. Each sub-sequence of this type thus represents K + 1 one-element
series. This justifies the first term of the right side of (5). After this operation there remain only elements
tagged by K indices and the less numerous uniformly tagged subset contains only N, — N elements.
The former way of reasoning can be thus used again to the, so reduced sequence of elements, which
leads to the second term of (5). Such operations can be repeated up to the moment when there remain
only elements tagged by 2 different indices; their number (Ng — Nx_1) + (Nx4+1 — Nk ) makes us able
to form (Ng — Nk_1) two-element sub-sequences of differently tagged elements. At last, there remain
(Nk+1 — Ng) uniformly tagged elements which make us able to form only one series represented by the
last term of (5).

In order to complete the proof let us assume that among the series of inequalities some weak inequal-
ities occur; let it be, for example N3 = Ns. Then after forming N; sub-sequences consisting of elements
differently tagged by K +1 indices, in the next step there can be formed N3 — N» sub-sequences consisting
of K-1 differently tagged elements. This means that second term in the right side of (5) vanishes and, as
a consequence, the number 7,4, is reduced e

For effective pattern recognition observation space should be linearly ordered so as to minimize the
number r of series constituting the sequence V' (Qas). This goal can be reached by a series of transforma-
tions of the initial lexicographical order. Each transformation is, in fact, a permutation of the elements
of V(Qar). It is well known that each multi-element permutation can be realized by a sequence of simple
permutations of pairs of the sequence elements. However, such linear order optimization as an NP-difficult
numerical task, would be, in general, extremely time-consuming. That is why we are interested rather in
looking for sub-optimal solutions of the problem.

We shall use, in general, a notion ¢ for a transformation (simple or composed permutation) of the
elements of (Qar) (as well as of V(Qar)). A sequence totp ... ¢p{ } will denote the result of a consecutive
application to Qs the transformations: t¢,...,t, and t,.
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The following types of transformations will be considered:

. reversion: t"(p,q), 1 < p < ¢ < M, consists in taking from Q) its segment (a compact sub-sequence)
starting from the p-th element and ended by the ¢-th element, reversing their order and inserting
them into the same place in Qay;

. shifting: t*(p,q,y), 1 <p,q,z < M, p < q, p # y, consisting in taking from Q) its segment starting
from the p-th element and ended by the g-th element and shifting it in Qs to a position starting
from y;

. segmental permutation: t?(p,q,y,2), 1 <p,q,y,2 < M,p < q,y < z, p # y, consisting in taking from
Qs its segment starting from the p-th element and ended by the ¢-th element, as well as taking a
segment starting from the r-th element and ended by the s-th element, and mutual exchanging their
position in Q.

It will be shown that the above-described transformations can be used to the improvement of an

initial linear order of A.

Theorem 2
Let r be the number of series in V(Qs). Then the number 1’ of series in t"(p, ¢){V(Qnr)} satisfies

the inequality:

r—2<r <r+4+2 (6)

Proof
Let us consider a part of the sequence V(@) containing the interval [p,q]. We shall denote by a,b,¢,d,

the values of this sequence delimiting the interval [p,q]:

Position:...p—1p...qq+1...
Value: ... a b...c d

where a,b,c,d € [0,1,2,..., K]. The following situations will be taken into account:

a) b = ¢ meaning that it is

Position:...p—1p...qq+1...
Value: ... a b...0 d

Then a reversion of the segment [p,q], independently on the values ¢ and d, does not change the

number of series, ' = r;

b) a = d which, for similar reasons, leads to r’ = r;
¢) a,b, ¢, d are all different, then reversion of the segment [p,q] also does not change the number of

series, i.e. ' = 7;

d)b#c,a#d,a=b,c#d (or a#b, c=d ) meaning that a situation:

Position:...p—1p...qq+1...
Value: ... a a...c d

will be changed into:
Position:...p—1p...qq+1...
Value: ... a c...a d

and, thus, the number of series will be increased, r’' = r + 1;
e)b#c¢, a#d a=c b#d, (ora#c, b= d), the situation being exactly a reversion of this

described in d) and, thus the number of series will be decreased, ' = r — 1;

fYb#£c, a#d, a=b,c=d, ie.:

Position:...p—1p...qq+1...
Value: ... a a...d d

In this case reversion of the segment [p,q| destroys two series and as a consequence the number of

series is increased, ' =1 + 2;

g)b#c, a#d, a=c¢, b=d, ie.:

Position:...p—1p...qq+1...
Value: ... a d...a d
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The situation is exactly a reversion of this described in f), therefore the number of series will be
decreased, ' = r — 2.

In the case when p =1 or ¢ = M the impact of the transformation ¢"(p, ¢) on the number of series is
not greater than in the above-analyzed cases. The above-described situations thus complete the proof e

Corollary 1

Situation described in g) of the Proof of Theorem 1 recommend the most effective reversion as a
transformation improving the linear order in A.

Theorem 3

Let r be the number of series in V(Qjs). Then the number r’ of series in t*(p, ¢, y){V(Qnr)} satisfies
the inequality:

r—3<r<r+3 (7)

Proof
Like in the Proof of Theorem 2 it will be analyzed a part of the sequence V(Qjs) containing the
segment [p,q] and the element y as well as their close environments:

Position:...p—1p...qq+1...y—1y
Value: ... a b...c d ... e f

where a,b, c,d, e, f €]0,1,2,, K]. Shifting of the segment [p,q] leads to the following situation:

Position:...p—1p...y—q+p—-2y—q+p—-1...y—1y
Value: ... a d... e b . ¢ f

An analysis similar to this shown in the Proof of Theorem 2 leads to the conclusion that the following
situations:

a) all values a, b, ¢, d, e, f are different,

b) all values a, b, c,d, e, f are equal,

¢) a = e and d = f keep the number of series after shifting transformation unchanged, ' = r, because
shifting of the segment [p, ¢] does not change its close environment.

In other cases the relationships within the pairs of values (a,b), (¢, d), (e, f), (a,d), (e,b) and (¢, f),
as having a direct influence on the structure of series before and after the transformation, are critical for
changing their number. From this point of view the following extreme situations can be distinguished:

d)ifa=b,c=d,e=f,a#d, e#band c+# f then three series are split by insertion of segments
of elements of other value and, as a consequence, we obtain 7’ = r + 3;

e)ifa#b c#d, e# f,a=d, e=>0and c = f then three pairs of series are merged and, as a
consequence, we obtain ' = r — 3.

In the case when p =1 or y = M the impact of the transformation ¢*(p, ¢, y) on the number of series
is not greater than in the above-analyzed cases. The above-described situations thus complete the proof e

Corollary 2

Situation described in e) of the Proof of Theorem 2 recommends the most effective shifting as a
transformation improving the linear order in A .

Theorem 4

Let r be the number of series in V(Qs). Then the number r’ of series in t*(p, q, y, 2){V(Qar) }satisfies
the inequality:

r—4<r <r+4 (8)

Proof

The proof is similar to this shown in Theorem 3, therefore, it will be omitted.

Corollary 3

Situation described in €) of the Proof of Theorem 3 recommends the most effective segmental per-
mutation as a transformation improving the linear order in A.

The Corollaries 1-3 give recommendations concerning choosing sequences of transformations of an
initial linear order in observation space. However, the criterion of effectiveness of transformations was
only on the number r of series. Therefore, it did not take into account the cost of calculations connected
with using serial statistical tests based on the given linear order. The cost is the higher the larger is the
distance between the initial lexicographical order and the linear order obtained as a result of a series of
transformations. The distance between two linear orders of sequences consisting of the same elements
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is here understood as the minimum number of pair-wise permutations transforming one order into the
other one. On the other hand, from the Theorems 1-3 no recommendations follow about choosing the
position and lengths of reversed, shifted or permuted segments. However, it seems reasonable to operate,
first of all, on the segments delimited by the initial lexicographical order.

4 Conclusions

Linear ordering of observation space is a new paradigm of pattern recognition based on non-parametric,
serial statistical tests. Effectiveness of any test of this type depends on choosing a linear order appro-
priate to the geometrical form of similarity classes, which are a priori unknown. Therefore, it arises the
problem of linear order optimization according to the available learning data-subsets. In this paper it was
shown how to improve the initial linear order (usually lexicographical) by a sequence of transformations:
reversing the order in selected intervals, shifting the intervals or permutation of selected pairs of intervals
on the sequence of linearly ordered data. The considerations have rather a theoretical character, however,
they indicate the way to the construction of the corresponding algorithms which will be used in pattern
recognition systems based on serial statistical tests.
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