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Abstract. Organizational decision making often involves two decidievels. When the leader at the upper
level attempts to optimize hiser objective, the follower at the lower level tries to finda@ptimized strategy
according to each of possible decisions made by the leadethdfmore, such bilevel decision making may
involve uncertain parameters which appear either in theabbe functions or constraints of the leader or the
follower. Following our previous work on fuzzy bilevel dsmn making, this study proposes a solution concept
and related theorems for general- fuzzy-number based fpexameter bilevel programming problems. It then
develops an approximation Branch-and-bound algorithnolieeshe proposed problem.
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1 Introduction

Bilevel decision making (also called bilevel programmiiy,P) techniques, first introduced by Von Stackel-
berg [18], have been developed for mainly solving decertdlplanning problems with decision makers in a
hierarchical organization [3,4, 7, 8, 19]. Decision makigha upper level is termed as the leader, and at the lower
level, the follower. Each decision maker (leader or follotees to optimize higher own objective function, but
the decision of each levetifacts the objective value of the other level [12].

Bilevel decision making theory and technology have beerieghpvith remarkable success infigirent do-
mains, for example, decentralized resource planningtrelgaower market, logistics, civil engineering, chemical
engineering and road network management [1-3, 11, 12]. Tjerity of research on BLP has centered on the
linear version of the problem, i.e., linear BLP problems. & ef approaches and algorithms have been well
developed such as well known Kuhn-Tucker approach K4h-best approach [6] and Branch-and-bound algo-
rithm [5, 9]. However, existing BLP approaches mainly sugmthe situation in which the objective functions
and constraints are characterized with precise paramé@teesefore, the parameters are required to be fixed at
the some values in an experimental adubjective manner through the experts’ understandirtigeohature of
the parameters in the problem-formulation process. It le@&n wbserved that, in most real-world situations, for
example, power market, the possible values of these pagasraee often only imprecisely or ambiguously known
to the experts who establish this model. With this obseowait would be certainly more appropriate to interpret
the experts’ understanding of the parameters as fuzzy ricahdata which can be represented by means of fuzzy
sets [20]. A BLP problem in which the parameters, either ijective functions or in constrains of the leader or the
follower, are described by fuzzy values is called a fuzzgu®l programming (FBLP) or a fuzzy bilevel decision
making (FBLDM) problem in the study.

Based on the definitions given by Bard et al. [4, 5] and Lai ¢1@8]17] BLP problems can be described into
two situations: cooperative and noncooperative. The a@tipe BLP proposed by Lai assumes the leader and the
follower making their decisions under a cooperative refahip, while a noncooperative BLP problem proposed
by Bard assumes that the follower reacts the leader’s a@ecisia totally personally optimal way. Both situations
can be happened in real-world decision-making practice.ABLP problem was first researched by Sakawa et al.
in 2000 [13]. Sakawa et al. formulated cooperative FBLP fmaband proposed a fuzzy programming approach
for solving the problem. In the approach, Sakawa introdubedconcepts ofv-bilevel programming based on
the basis of fuzzy number-level sets. Our research deals with noncooperative FBloBlpms. Based on the
extended solution concept and related theorems of BLP @i+ first solve FBLP problem with a specialized
forms of membership functions, triangular form, in the fuparameters [21, 22]. However, this may restrict the
use of other forms of membership functions to describe thamaters in modeling an FBLP problem. This paper
extends our previous research by allowing any form of mesibpifunctions to describe the fuzzy parameters in
a FBLP model. It develops an approximation Branch-and-Halgorithm to solve the general FBLP problem in
an uncooperative environment.
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Following the introduction, Section Section 2 reviews tetethe model and theorems for fuzzy linear bilevel
programming. A general-fuzzy-number based approxim&ianch-and-bound algorithm for solving FBLP prob-
lems are presented in Section 3. Conclusions and furthdy site discussed in Section 4.

2 A Fuzzy Linear Bilevel Programming M odel

This section gives related definitions and theories for gfazzy-number based FBLP model.
Consider the following fuzzy linear bilevel programmingplem: Foxe Xc R, ye YC R™ F: XxY —
F*(R), andf : Xx Y - F*(R),

minF(x.y) = E1x+ day (1a)

Xe.

subject toA; x + Byy < by (1b)
min f(x,y) = &x + doy (1c)
yeY
subject toAyx + Boy =< b, (1d)

wherec;, & € F'(RY), i, 4 € F'(R", b e F'(R?), bz € F'(RY), Au = (&) & € FF(R, By = (B)
bij € F*(R), Ao = (&), 8 € F'(R). B2 = (), &I € F'(R).
Associated with the (FLBLP) problem, we now consider théofging (MLBLP) problem:

Forxe XcR,ye YCR™MF:XxY - F*R),andf : XxY - F*(R),

miQ(F(X, V) =cbx+diy, 1€[0,1]
Xe

min(FO )R = G 6y, A€ [0.1] (&
Xe
subject toA 5 x + Bby < bk, ARx + By < b}, 1 €[0,1] (2b)
min (f(x, M) = cobx+daty, 1€[0,1]
ye
min(Fx y)f = cfx+ oy, A€ [0,1] (20)
ye
subject toA X + Boy < bk, ARX + BoRy < b, 1 €10,1] (2d)

Whereclj, C]_?, Czlj, Cg/? e R, d]_/li, d]_?, dglj, dg/? e R bl/li, b]_? € RP, bzlj, bg? e RY, Alli = (aijh), A]_E = (a”/?) €
RPN By} = (bij'j), B} = (bnﬁ) S (elj'j), AR = (aj?) €, By = (Sjlj) B} = (SUR) € R¥M.

Theorem 1. [23]Let (X%, y*) be the solution of the (MLBLP) problem (2). Thenitis alsolason of the (FLBLP)
problem defined by (1).

Theorem 2. [23] Forx € X c R, ye Y c R™, If all the fuzzy cogicients;, bij, &;, §;, & anddihave trapezoidal
membership functions of the (MLBLP) problem (1).

o

t<
s a)s deten

&%

p(t) = { @ Zst<z, (3)
Er(1eg)es Asisd
0 Zy<t

wherez denotesi;, Bij, &, 5. G andd; respectively. Then, it is the solution of the problem (1} (& y*) €
R" x R™ satisfying

min (F(x.y))s = C1eX + Ao,
Xe
min (F(x,y))a = X+ dagy,
Xe

_ 4a
r;ry)p(F(x, y))l'; = c1;x+ dl'gy, “2)
H R _ R R,
r;ry)p(F(x, W)g = CupX+ digy,
subject to Ax + B;by < byb,
ARx+ Bty < bR, (4b)

Aipx + Bagy < bug,
Aigx+ By < ba,
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min (f(x Y))s = CabX + dagy,

min(f(x.y))a = C2gX + daz:

ye

min (F(¢ ) = o+ dajy,

min (F0c )5 = cofx + dfy,

subjectto Abx + Boly < byt,
AZII;X + lel;y < bz(l;,
AgpX + Bagy < by,
AzﬁRX + Bzgy < bleR
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(4c)

(4d)

Theorem 3. [23] For x € X c R, y € Y c R", If all the fuzzy cogicients;, bij, &;, §;, & andd: have
trapezoidal membership functions of the (MLBLP) problejn (1

p(t)

0 t<z(LyO

ﬁ(t_i‘%)"'ao Z St<z
PE(-%)ra msteg,
“ Zl&nét<25n
ﬁ(_t-kzsna)"'a’n—l an §t<25n

IIA

IA
A

%::“zs}o (—t + 250) +ag
0

Do
AN

(5)

wherez denote§;;, Bij T T anddrespectively. Then, itis the solution of the problem (1} fRa y*) € R'xR™

satisfying

H L _ AL L
M (F 6 Y))a, = CapX + Gig,Ys

min (F(Y), = b, x+ il y,
Xe

H R _ R
min (F(x y))z, = €15 X+ dag, Y,

min(F(x,y)a, = C1R x+ il y,
XeX n n n

subject to AL X+ BiL y < byl ,

L L L
Al,énx + Blﬁny < b1%n,
AlaOX + Blaoy < blao’

R R R
Agg X+ B1y y < by,

(62)

(6b)
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nyIYn (FO& V)5, = Cob X+ dol .

min (F(X.Y))s, = Cob, X + ol ¥,
ye

R

. (6c)
min (06 )G, = GG, X+ dag.y,

min(f(x,y))ff = 025 X+ dzs Y,
po o o o

subject to AL x+ BaL y < byt ,

L L L
Azy X+ Bay Y < by,

6d
Afx+ By < byl (6d)

R R R
AzanX + anny < bznn.
We note

A_\1X+ E_31y < b_]_ (GU)
Aox+ Bay < by (6d)

where

L L L L
Adg, Azg, Big, B2s,
_ AlL _ AZL _ B]_L _ BZL
Al: A%n ’AZ_ A%n 5Bl: B%n 582: B%n £
Tag 200 Lag 200
R R R R
Agg, Ao Bis, Bag,
L L
D14, D24,
_ L] _ L
by = | g |, by = | 2
1= b R |>M2 = b R
Lag 220
bR bR

an an
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Then we can re-write (6) by using

H L L
min (F (% y)), = C15,X + d1g,,
min (F(x.y))5, = Cik, X+ dag Y,
R Ry R (62)
I;ry)l(q (F(X’ y))ao - Clao X+ 1aoy’
min(F(x,y)R = ci} x+dif y.

XEX =~ n _ n _ n
subject toAx + By £ by, (6b)

min (06 Y, = Gz, X + g,

min(fO0y), = Cob, X+ dak, ¥,
ye

. 6¢
min(f(x ), = el x-+ cefly. ()
min(f(xy)R =GR x+day V.

er n n n

subject toAox + By < by. (6d)

To solve the problem (7), we can use the method of weightitigisgroblem, such that it is the following problem:

n

min(F(x.y) = ZO ((cab,x+ diby) + (caR x+ duy)) (72)

subject toA_\lx + I§1y < 51, (7b)
n

|;rl|\p (f(x,y) = ; ((cchli X + dz(l;i)/) + (025i X + dgffiy)) (7c)

subject toALX + I§2y < by. (7d)

Theorem 4. [23] For x € X c R, y € Y c R", If all the fuzzy coficients;, by, &;, §;, & andd: have
trapezoidal membership functions of the (MLBLP) problejn (1

0 t < zto
oo (i-d)rw % si<,
Z(gzlizliol (t N er;l) + a1 Zlf;l é t < er;g
,Ui(t) - @ Z(I;n é t < an ’ (8)
gt (4 4 ) rana B St<Z
g (t+d)ra0 B st
0 R <t

wherez denotesi; , Bij TR T and direspectively. Then a necessary angisient condition tha(x", y*)
solves the fuzzy linear BLP problem (1) is that there ex@w)rvectors ¢, viand w such that(x*, y*, u*, v*, w*)
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solves:

n n
min(F(xy)) = Y (cigx+digy) + > (f x+dify) (9a)
Xe
i=0 i=0
subject toA_lx + E_Sly < b_l, (9b)
ATZX + I§2y < 52, (9c)

(z B, + Bla)+v(z B+ 3 Bzw.)
=—(2 dt + Zdza)

i=0

(9d)

u((i bit + z bls_) - (z AL + i Alfj)x

i=0

=

(z Bt + 5,88 )] +v((z o, + 3 b 0

Aza, + 2 AZQ)X— (Z Bza, + Z Bza,) )

+wy =
x>0,y>0,u

(uDM:H

VvV O

o,v>0,w>0. (9f)

Based on Theorem 3, we present an approximation Branchaundd approach for solving the fuzzy linear
bilevel programming shown in (1).

3 An Approximation Branch-and-Bound Algorithm

We first write all the inequalities (except of the leader'sables) of (7a)-(7d) agi(x,y) > 0,i =1,...,p+q+m,

and note that complementary slackness simply means,y) = 0(i = 1,..., p+ g+ m). Now we suppress the
complementary term and solve the resulted linear sub-pnobAt each time of iteration the condition (9e) is
checked. If it is satisfied, the corresponding point is inititucible region and hence a potential solution to (7).
Otherwise, a Branch-and-bound scheme is used to implieithmine all combinations of the complementarities
slackness. A flowchart of the basic idea is shown in Figura®@describe the approximation Branch-and-bound
algorithm.

Based on this flowchart, we give some notations for desaithie details of the approximation Branch-and-
bound algorithm.

LetW = {1,...,p + q+ m} be the index set for the terms in (3, be the incumbent upper bound on the
objective function of the leader. At theth level of an search tree we define a subset of indliges W, and a path
Py corresponding to an assignment of eitbee 0 org; = 0 fori € Wx. Now let

k=i eW,u =0}
Sy =1i:ieW,g =0}
SP=1i:i¢ W

Fori € SE, the variablesy; or g; are free to assume any nonnegative value in the solution)ofi@ (9¢)
omitted, so complementary slackness will not necessagilyatisfied.

By using these notations we give all steps of the approxonairanch-to-bound algorithm.
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| Transfer (1) to (6) |

|

Let the interval [0, 1] be decomposed into2’~' mean sub-intervals and a range of errors ¢ > 0

I

Set I=1, then solve (MLBLP)’Z, i.e., (6) by using Branch approach when =0 and « =1, whe obtain
optimization sollution (x, y),:

l

Transfer (6) to (7) |

l l<

Initialization |

44 Solve (9) without (9e) |<7

Branching

A

Yes

| Backtrack |

| Termination |

l

| Update / to +1 | Update /to I+1

No

<é&

H(x, Py = (%, 1) 5

| Show result |

Fig. 1. A flowchart for the main ideas of the extend branch-and-balgdrithm
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An Approximation Branch-and-bound algorithm for FBL P problems

Step 1 |The problem (2.1) is transferred to the problem (6)
Step 2 |Let the interval [0, 1] be decomposed intb2mean sub-intervals with
(2-1+1) nodesl; (i =0, -- ,2'*1) which are arranged in the order o
Ao < A1 <--- < Aa1 = 1 and arange of erroes> 0.
Step 3 |Setl = 1, then solve (MLBLP’Q, i.e. (6) by using Branch approach when
B =0 anda = 1, we obtain optimization solutidr, y). .
Step 4 |The problem (6) is transferred to the following linear BLPlplem (7) by
using method of weighting
Step 5 |To solve the problem (7)
Step 5.0 (Initialization) Setk = 0, S} = ¢, S, = ¢, SO ={1,...,p+q+ mj}, and
F = .

Step 5.1(Iterationk) Setu; = 0 fori € S andg; = O fori € S, . It first attempts t
solve (9) without (9e). If the resultant problem is infedsijlyo to Step 5.5;
otherwise, puk < k + 1 and label the solutionc, y*, u).

Step 5.2(Fathoming) IfF (XX, y¥) > F, then go to Step 5.5.

Step 5.3(Branching) Iffgi(X,y) = 0,i = 1,...,p+ q+ m, then go to Step 5.
Otherwise select for which ufgi(x¥,y¥) # 0 is the largest and labelit
PuS; « S; U {ia}, SE — SE\{il}, Sy < Sy, append; to Py, and go to
Step 5.1. _

Step 5.4/(Updating) LeF « F(X%, y).

Step 5.5(Backtracking) If no live node exists, go to Step 5.6. Othsenbranch t
the newest live vertex and updS[jaS;,SE andPy as discussed below. Go
back to Step 5.1.

Step 5.6(Termination) IF = oo, there is not feasible solution to (MLBL'E'?)Oth-
erwise, declare the feasible point associated Witthich is the optima
solution to (MLBLP),.
Step 6 |Solve (MLBLP)Z+l by Step 5.1 to Step 5.6 and we obtain optimization so-
lution (X, y)i.1.
Step 7 [If[[(x. y)2«2 — (X, ¥)2]| < & then the solutiofx’, y*)of the fuzzy linear bileve
problem is(x, y),..Otherwise, updateto 20 and go back to Step 6.
Step 8 |Show the result of problem (1).

O

=

O

We give some explanations for these steps and their workimgggs as follows.

After initialization, Step 5.1 is designed to find a new paimich is potentially bilevel feasible. If no solution
exists, or the solution does ndfer an improvement over the incumbent (Step 5.2), the algorgoes to Step 5.5
and backtracks.

Step 5.3 checks the value uﬁgi (X, y)to determine if the complementary slackness conditioasatisfied.

In practice, if|u}<gi| < 10°% it is considered to be zero. Confirmation indicates that ailda solution of a bilevel
program has been found and at Step 5.4 the upper bound oratter’keobjective function is updated. Alterna-
tively, if the complementary slackness conditions are atisBed, the term with the largest product is used at Step
5.3 to provide a branching variable. Branching is always gleted on the Kuhn-Tucker multiplier [4].

At Step 5.5, the backtracking operation is performed. Nwdta live node is one associated with a sub-problem
that has not yet been fathomed at either Step 5.1 due to ibfi@gor at Step 5.2 due to bounding, and whose
solution violates at least one complementary slacknesdittom. To facilitate bookkeeping, the pafy in the
Branch-and-bound tree is represented by a vector, its difbetis the current depth of the tree. The order of the
components oPy is determined by their level in the tree. Indices only apped if they are in eitheS; or S
with the entries underlined if they are 8} . Because the algorithm always branches on a Kuhn-Tuckeiptied
first, backtracking is accomplished by finding the rightmust-underlined component i, underlining it, and
erasing all entries to the right. The erased entries argettbteomS, and added tdsg.

4 Conclusionsand Further Study

Uncertainty often occurs in bilevel decision making preetiTherefore, a BLP model often has fuzzy parame-
ters in both its objective and constraint. An important éswolved in this situation is how to derive an opti-
mal solution for the upper level's decision maker. This pgpeposes a fuzzy number based the approximation
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Branch-and-bound algorithm to solve such fuzzy bilevelslen problems. A cased based example is then given
to illustrate the proposed approximation Branch-and-liaigorithm.

Further study on this topic includes the development of nwoaled approaches for fuzzy bilevel multi-follower
programming problems. In such a kind of problems, multipléofvers are involved. The leader’s decision will
be dfected not only by those followers’ individual reactions hlgo by the relationships among these followers.
As uncertain information could occur in the objectives andstraints of both the leader and /isr multiple
followers, one of the challenges is how to get an optimaltsmiLfor the leader in the complex environment.
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